Starting with generic Wess-Zumino type coupling to constant four-form and the dual seven-form field strengths in the ABJM theory, we obtain mass-deformed theories with N = 2, 4 supersymmetries. These theories contain massless scalar fields and allow the implementation of the Mukhi-Papageorgakis Higgsing procedure. Using this procedure, we connect the Higgsed theories to three-dimensional mass-deformed SYM theories. These are also connected by the four-dimensional N = 1 * , 2 * mass-deformed SYM theories through dimensional reduction. We classify the three-dimensional mass-deformed SYM theories of N = 1, 2, 4 supersymmetry, of which a few cases of N = 1, 2 are connected neither by MP Higgsing procedure nor dimensional reduction.
Introduction
Various three-dimensional supersymmetric gauge theories have attracted much interest as the theories describing the low energy dynamics of multiple M2/D2-branes with and without background fluxes. Much of recent interests are focused on the superconformal Chern-Simons matter theory of Aharony-Bergman-Jafferis-Maldacena (ABJM) [1] , which describes the dynamics of M2-branes on C 4 /Z k orbifold singularity. It was known that the circle compactification of this theory via the Mukhi-Papageorgakis (MP) Higgsing procedure [2] leads to the three-dimensional N = 8 super Yang-Mills (SYM) theory [3, 4] , which is the low energy effective theory of multiple D2-branes.
(See also Refs. [5, 6] .) Though the circle compactification of the N = 6 supersymmetry-preserving mass-deformed ABJM (mABJM) theory [7, 8] can also be taken into account, the MP Higgsing procedure cannot be implemented as a method of the circle compactification. This is because in the N = 6 mABJM thoery all the scalar fields are massive and the bosonic potential does not involve any flat direction allowing an infinitely large vacuum expectation value of the scalar fields. The latter is a crucial requirement for the application of MP Higgsing procedure. The origin of the mass-deformation in the N = 6 mABJM theory is identified by the presence of Wess-Zumino (WZ) type coupling to special type of constant four-form and the dual seven-form field strengths [9, 10] in the infinite M2-brane tension limit. As we discussed in the previous paragraph, one cannot apply the MP Higgsing procedure to the N = 6 mABJM theory. In this regard, we construct some supersymmetric mABJM theories with flat directions, which let the MP Higgsing procedure possible. Subsequently, we relate the resulting theories after the MP Higgsing to three-dimensional mass-deformed super Yang-Mills (mSYM) theories. To be specific, we start from the gauge-invariant WZ-type coupling [10, 11] in the ABJM theory and then apply the formalism to a generic constant field strength in the infinite M2-brane tension limit.
By appropriate choices of the fluxes we construct mABJM theories preserving N = 2, 4 supersymmetries. An intriguing aspect of the partially supersymmetric mABJM theories is the fact that they always contain certain number of massless scalar fields which result in some flat directions of the bosonic potential. We show that the MP Higgsing of the N = 2 mABJM theory leads to a mSYM theory, with the same number of supersymmetry. This mass-deformed theory is equivalent to one of the three distinct three-dimensional mSYM theories, which contain one massless vector multiplet and three massive matter multiplets [4] . The three distinct theories are obtained by making different choices of the mass parameters of the six massive fermionic fields of the matter multiplets. Similarly, we show that the N = 4 mABJM theory is equivalent to a unique N = 4 mSYM in three dimensions. We also notice that one of the three distinct N = 2 mSYM theories, but not the one obtained from the N = 2 mABJM theory, is equivalent to the one from the dimensional reduction of the four-dimensional N = 1 * mSYM theory studied by Polchinski-Strassler [12] . The N = 4 mSYM is also equivalent to the one from the dimensional reduction of the N = 2 * mSYM theory in four-dimensions. In the framework of gauge/gravity correspondence, three-dimensional mSYM theories have been studied in Refs. [13] [14] [15] [16] [17] . The remaining part of the paper is organized as follows. In section 2 we study the deformation of the ABJM theory with generic WZ-type couplings to constant background fluxes. For later convenience we single out only the WZ-type coupling which survives in the limit of infinite tension of M2-brane. In section 3 we appropriately choose the fluxes in order to preserve certain amount of supersymmetry. In section 4 we apply the MP Higgsing procedure to the partially supersymmetric mABJM theories and obtain the corresponding mSYM theories. We then study the classification of these theories in relation with the dimensional reductions of four-dimensional mSYM theories. The detailed procedure of the dimensional reduction of the N = 1 * , 2 * theories is included in appendix A. Section 5 is devoted to discussions and future research directions.
ABJM Theory with Constant Flux
The ABJM action [1] is given by a Chern-Simons matter theory with N = 6 supersymmetry and U(N)×U(N) gauge symmetry,
where
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The four complex scalar fields Y A (A = 1, 2, 3, 4) represent the eight directions
transverse to the M2-branes with
This action has N = 6 supersymmetry with the following transformation rules
Since the ABJM theory describes low energy dynamics of N stacked M2-branes, it is intriguing to consider this theory in the background of a constant transverse four-form and the dual sevenform field strengths. Interaction between the M2-branes and the background three-form gauge fields is depicted by the WZ-type coupling. In the presence of a constant transverse four-form field strength F 4 , the components of the corresponding three-form gauge field C 3 have the following transverse scalar dependence:
C µνρ , C µνA , C µAB , C µAB and their complex conjugate (c.c.) are constants, C ABC , C ABC and their c.c. are linear in transverse scalars.
(2.8)
Here we employed the index notations of [4] , where the unbarred indices are contracted with bifundamental fields while the barred ones are contracted with anti-bifundamental fields. We can set the constant components of C 3 in (2.8) to zero by using the gauge transformation of the threeform gauge field, δC 3 = dΛ 2 . In addition, one cannot construct U(N)×U(N) gauge-invariant WZ-type coupling with linear C ABC [10] . Therefore, the only gauge-invariant WZ-type coupling for this particular choice of the three-form gauge field is read from the equation (2.3) of Ref. [10] ,
where λ = 2πl
3/2 P and l P is the Planck length. The dual seven-form field strength F 7 is expressed in terms of F 4 as
According to the argument of the previous paragraph, in the presence of the constant transverse F 4 , the C 3 ∧ F 4 term in (2.10) is linear in the transverse scalar, while the * F 4 term is constant. Keeping this in mind, we notice the following transverse scalar dependence for the six-form gauge field C 6 : Setting the constant components of C 6 in (2.11) to zero using gauge degrees of freedom, we read the gauge-invariant WZ-type coupling from the equation (2.8) of Ref. [10] ,
In this paper, we consider the infinite tension limit of the M2-brane (λ → 0), which was also considered in Ref. [9] , in order to turn off the coupling to gravity modes. In this limit, the three-form coupling in (2.9) and all the six-form couplings in (2.12) except the first term can be neglected. Then it is enough to take into account the following WZ-type coupling,
The six-form gauge fields which are linear in the transverse scalars are given by
where the complex-valued constant parameters T ABCD = (T CDĀB ) * are antisymmetric in the last two barred indices as well as the first two unbarred indices. Therefore, the action in (2.13) is simplified as
As we will see later, the quartic flux term of the N = 6 mABJM theory can be expressed by the WZ-type coupling (2.15). In addition, different choice of constant flux can be taken into account in M-theory. If the masses of the fermionic and bosonic fields are appropriately chosen, the supersymmetry is partially preserved.
Supersymmetry-preserving Mass-deformations
In this section we discuss possible mass deformations of the ABJM theory in the presence of the constant flux term (2.15), which preserve some amount of supersymmetry. We start by introducing general gauge-invariant mass terms for scalar and fermion fields in addition to the quartic WZ-type coupling (2.15), 
The corresponding supersymmetry transformation rules in (2.7) for the scalar and gauge fields are unaffected by the mass-deformation while those for the fermionic fields are modified by
From the invariance of the total Lagrangian (3.17) under the total supersymmetry transformation δ + δ ′ , we fix the values of T ABCD , M B A , and µ B A according to the number of supersymmetry.
m bos = 0, we need to verify only the following invariance,
up to total derivative. Using the supersymmetry transformation rules in (2.7) and (3.18), one can verify (3.19) under the conditions,
In order to check the validity of this general setup, we apply it to the well-known maximal supersymmetry preserving case [7, 8] . In this case SU(4) R-symmetry of the ABJM theory is broken to SU(2)×SU(2)×U(1) due to the mass matrix µ This result exactly matches the known result for the case of maximally supersymmetric mABJM theory [7, 8] and the choice (3.23) is unique up to field redefinitions [18] . In the subsequent two subsections, we consider the cases with flat directions in bosonic potentials, where some of scalar fields and corresponding superpartners are massless. In those cases some of the supersymmetries are necessarily broken. The models with N = 2 and N = 4 supersymmetries are constructed.
N = 2
Let us consider a bosonic potential which is flat along only one complex scalar field. By supersymmetry, the corresponding single complex fermion field should be massless while the other three fermion fields remains to be massive. Without loss of generality, we choose the fermionic mass matrix of the three massive fermionic fields as and then nonvanishing components of T ABCD are determined by (3.22) as
One may also choose different nonvanishing components, for instance, ω 12 or ω 13 , however, the results are equivalent to the aforementioned case of the nonvanishing ω 14 , up to field redefinition.
N = 4
In order to obtain the mass-deformed theory with N = 4 supersymmetry, we have to turn on the mass term for two complex scalar fields. Then two complex fermionic fields become massive while the other two are massless. This implements an appropriate choice for the corresponding fermionic mass matrix
The conditions in (3.21) -(3.22) are satisfied only when we keep two nonvanishing complex supersymmetric parameters and their complex conjugates. One possible choice is nonvanishing ω 13 and ω 14 and then ω 24 and ω 23 are also nonvanishing. With this choice we read the bosonic mass matrix from (3.21), 28) and the following nonvanishing components of T ABCD from (3.22)
Like the N = 2 case in subsection 3.1, this choice is unique up to field redefinition. In the original ABJM theory it was conjectured that the N = 6 supersymmetry is enhanced to N = 8 at Chern-Simons levels k = 1, 2 [1] . The existence of such additional N = 2 supersymmetries was verified in terms of the monopole operators [19] [20] [21] [22] . For k > 2, the supersymmetry enhancement is not possible due to orbifolding. On the other hand, in order to implement the MP Higgsing procedure one has to move the M2-branes away from the orbifold singularity and this leads to an enhancement of the supersymmetry [4] . For instance, after the MP Higgsing procedure, the N = 6 supersymmetry of the ABJM theory is enhanced to the N = 8 supersymmetry of the three-dimensional SYM theory. The latter theory flows to the supersymmetry enhanced ABJM theory on flat transverse space (k = 1) at the IR fixed point [23] . However, as we shall show in the next section, there is no supersymmetry enhancement after the MP Higgsing procedure in the N = 2, 4 mABJM theories. This implies the absence of the supersymmetry enhancement in the N = 2, 4 mABJM theories, unlike the N = 6 mABJM theory.
Classification
The dimensional reduction of the ABJM theory with U(N)×U(N) gauge symmetry [1] via the MP Higgsing procedure [2] leads to the three-dimensional N = 8 SYM theory with U(N) gauge symmetry [3, 4] . In Ref. [4] we have shown that the Higgsing of the ABJM theory deformed by WZ-type couplings of constant fluxes results in effective theories of D2-branes in the background of constant RR fluxes. By supersymmetric completion, for few choices of constant fluxes, we obtained N = 2, 4 mSYM theories. In the pervious section we have found the N = 2, 4 mABJM theories.
Since these theories possess bosonic potentials with flat direction, the MP Higgsing procedure can be carried out for these cases. The resultant theories are compared with the aforementioned N = 2, 4 mSYM theories as discussed in Ref. [4] . The N = 1 mSYM theory in Ref. [4] cannot be obtained from the MP Higgsing procedure of mABJM theory due to the following reason. In order to apply this procedure the bosonic potential is required to involve at least one massless complex scalar field. After the Higgsing, this complex field turns to one dynamical real massless scalar field and one would-be Goldstone boson. In fact the N = 1 mSYM theory of Ref. [4] does not possess any massless scalar field.
MP Higgsing of the N = 2, 4 mABJM Theories
To pursue the MP Higgsing procedure [2] we proceed by introducing vacuum expectation value v for the massless scalar Y 4 along a transverse direction 
When the vacuum expectation value v is turned on, in the MP Higgsing procedure, the U(N) × U(N) gauge symmetry is broken to U(N) and the Hermitian scalar and fermionic fields transform in adjoint representation of the unbroken U(N). Then taking double scaling limit of the large v and large Chern-Simons level k with finite v/k, the Yang-Mills coupling g is identified as g = 2πv/k and the matter fields are rescaled asφ →φ/g for dimensional reason. The detailed procedures are explained in Ref. [4] . Application of the Higgsing procedure to the total Lagrangian (3.17) results iñ
where i, j, k = 1, 2, · · · , 7, and
The cubic interaction term in (4.32) is the result of the MP Higgsing of the WZ-type coupling (2.15) and the antisymmetric tensorsT ijk are related to the constant four-form tensor T ABCD in (2.14) as follows:T
The bosonic and fermionic mass terms in (4.32) are obtained from the MP Higgsing of the mass terms (3.16). For the N = 2 theory of subsection 3.1 we read the nonvanishing components ofT ijk as well as the fermionic and bosonic mass matrices from (3.24)-(3.26), 
These results can be compared with the corresponding mSYM theories in Ref. [4] with suitable field redefinitions and parameter choices. More precisely, the N = 2 mSYM theory we obtained in this paper is equivalent to that of Ref. [4] if we make the following field redefinitions and identifications of the mass parameters of the two theories:
where µ i 's are the mass parameters used in Ref. [4] . We call this theory 'D = 3 N = 2 mSYM I'. Actually, in the case of Ref. [4] one can make other two more choices of mass parameters satisfying all the constraints imposed by supersymmetry. We call these theories 'D = 3 N = 2 mSYM II & III'. However, these choices cannot be related with the Higgsing of the N = 2 mABJM theory by field redefinition. The reason is the fact that in the N = 2 mABJM theory we have only three mass parameters of the three massive complex fields while in the case of Ref. [4] we have six mass parameters of the six massive real fields. Therefore, in the latter case there are more freedoms in choosing the mass parameters. See the next subsection for the details. The comparison for the N = 4 theories obtained here and Ref. [4] can be made by setting m 2 = 0 → µ 3 = µ 4 = 0 and using the same field redefinitions and parameter choices as in (4.37). In this case other possible choices of mass parameters in Ref. [4] are also identical to the choice in (4.36) up to field redefinitions. The dimensional reduction of the four dimensional N = 2 * mSYM theory [12] also gives this N = 4 mSYM theory. (For the details see Appendix A.) It is also important to recall that we started with a general setting of mass deformation in ABJM theory to obtain the N = 4 mABJM theory. In these regards, the N = 4 mABJM and mSYM theories discussed in this paper seem unique.
Classification of the N = 2 mSYM theories
In Ref. [4] we have shown that introduction of the mass deformation to the N = 8 SYM theory preserves N = 1, 2, 4 supersymmetries depending on the choices of the fermionic and bosonic mass parameters and components of the antisymmetric tensorT ijk . In this subsection we fully classify N = 2 mSYM theories according to mass parameter choices.
The N = 1 mSYM theory contains one massless gauge boson and seven massive scalar fields. Together with their superpartners which are one massless and seven massive fermionic fields, these sets of fields form one N = 1 vector multiplet and seven massive matter multiplets. Since all the massive scalar fields belong to different multiplets, they are allowed to have different masses of which the parameters are unrestricted unlike the higher supersymmetry cases. In this reason, there is no candidate in the mABJM theory to be linked with this N = 1 mSYM theory. In the case of the N = 2 mSYM theory, the supersymmetry invariance of the action requires 
where the mass parameters are constrained as,
There are three independent mass parameter choices satisfying the constraints in (4.39), case I :
case II :
case III :
As discussed previously the case I is identical to the Higgsed N = 2 mABJM theory of the previous subsection through the field redefinitions in (4.37). As shown in appendix A, the case II is obtained as a result of the dimensional reduction of the four-dimensional N = 1 * mSYM theory [12] . The case III is a N = 2 mSYM theory which can be connected to neither N = 2 mABJM theory through the MP Higgsing nor the N = 1 * mSYM theory through dimensional reduction. The reason why the cases II and III are not related with the Higgsed N = 2 mABJM theory of subsection 3.1 is the following. For the latter case, any set of two fermionic fields belonging to the same supermultiplet is inherited from the real and imaginary components of a complex fermionic field in the original mABJM theory. Therefore, they have the same masses. For the former cases, the fermionic fields in the same multiplet have either the same or opposite signs for their mass parameters as indicated in (4.40). For convenience we summarize classification of the mSYM theories in the diagram of Fig. 1 .
Conclusion
In this paper we classified some parity-preserving three-dimensional supersymmetric mass-deformed gauge theories. In the ABJM theory, we introduced a generic WZ-type coupling to constant fourform and dual seven-form field strengths in the limit of infinite M2-brane tension. We showed, with appropriate choice of the fermionic and bosonic mass terms, such deformed ABJM theory possesses N = 2, 4, 6 supersymmetries. In Ref. [4] we already constructed three distinct mSYM theories in three dimensions, which are one N = 1, three N = 2, and one N = 4 mSYM theories.
Here we verified that one of the three N = 2 theories and the N = 4 theory are obtained through the MP Higgsing of the N = 2 and N = 4 mABJM theories, respectively. One of the remaining N = 2 theories is obtained by dimensional reduction of the four-dimensional N = 1 * theory, while the N = 4 mSYM theory is also obtained by the dimensional reduction to the N = 2 * theory.
The third N = 2 and the N = 1 mSYM theories are not connected by the MP Higgsing of the mABJM theory or the dimensional reduction of the four-dimensional mSYM theory.
We may extend our analysis in this paper to the cases of the parity-violating three-dimensional gauge theories, such as the N = 3 level-deformed ABJM theory developed by Gaiotto and Tomasiello (GT) [24] (see also Ref. [25] ). As the ABJM theory does, the GT theory allows the supersymmetry-preserving mass-deformation [26] and the circle compactification via the MP Higgsing procedure [27] . Utilizing these properties, one can construct the less supersymmetric mass-deformed GT theories with flat directions which implement the MP Higgsing procedure. This analysis may shed some light on M-theory brane configuration of the GT theory.
Holographic dual of the N = 6 mABJM theory is proposed in Ref. [28] , which is the Z k -quotient of the Lin-Lunin-Maldacena (LLM) geometry [29] (see also Ref. [30] ). The proposal of the dual gravity gets much insights from the structure of the vacuum space of the gauge theory. The dual gravity theories are not yet understood for the partially supersymmetric mABJM theories. The N = 4 mABJM theory does not contain any Higgs vacuum solution and does not seem to have a dual gravity theory related to the LLM geometry. On the other hand, after the MP Higgsing and the dimensional uplift, the resulting N = 2 * mSYM theory turns out to be dual to the Pilch-Warner geometry in type IIB supergravity [31] . It is interesting to figure out the M-theory uplifting of this geometry and to identify the dual geometry of the N = 4 mABJM theory. The N = 2 mABJM theory has Higgs vacuum solutions but it is still unclear how to modify the LLM geometry to obtain the corresponding dual gravity.
A Four-dimensional Mass-deformed SYM Theories
The four-dimensional N = 1 * theory by Polchinski and Strassler [12] is constructed by introducing a mass-deformation to the N = 4 SYM theory. The action for the latter is given bỹ 
The Clifford algebra for the gamma matrices is given by: {γ α ,γ β } = −2η αβ with the signature η αβ = diag (−1, 1, 1, . .
.).
The N = 4 supersymmetry transformation rules are
where the supersymmetry parameters ǫ p 's are Majorana fermions, and ∆
. After some algebra we obtain
where the components of ∆ a 's are given by
In the N = 1 * theory, without loss of generality we can choose ǫ = ǫ 4 as the unbroken supersymmetry parameter with the other supersymmetry parameters set to zero. Then the supersymmetry transformation rules in (A.42) are reduced to
where λ = ψ 4 and t = 1, 2, 3.
The mass-deformation preserving the N = 1 supersymmetry is
where When µ 1 = µ 2 and µ 3 = 0, we easily notice that the supersymmetry is enhanced to N = 2. This gives the N = 2 * theory discussed in Ref [12] .
A.1 Reduction to three dimensions
In order to reduce the N = 1 * theory to three dimensions we assume that the fields do not depend on the compactified direction. For the bosonic part, by introducing V 
